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The biquaternion notation - or more precisely the semi-biquaternion notation - is ap-
plied to mechanics and special relativity. The Lorentz transformation as well as electro-
magnetic field transformations result from a pure multiplication with the biquaternion
relative velocity. By a straight forward development of the biquaternion notation, it
turns out that the biquaternion velocity plays a crucial role regarding the principle of
equivalence. The total time derivation of the four-velocity delivers inertial as well as
gravitational acceleration simultaneously. It our model, the cause of gravitation is a

spatial varying speed of light.

1 Introduction

A Hamilton quaternion ¢ [1] is an expansion of real numbers
by the Hamilton units i, j, k having the magnitude of V-1
and forming a four-number as

q =qo+iq + jgr + kg3,

whereas ¢...q3 are real numbers. The Hamilton units consti-
tute the associative but not commutative multiplications

P?=pP=k=ijk=-1,
ij=kjk=iki=j,
ij = —ji jk=—kjki=—ik .

The real part of a quaternion is often called the scalar part
while the other three imaginary parts are called a three-vector.
Both together constitute a four vector:

q = (qO’ q)) ’

where ¢ = iq; + jg» + kg3. Later Hamilton [2] presented the
biquaternion as an extension of a quaternion by introducing
complex numbers g, — g, +ip,, where i denotes the Gaussian
imaginary unit.

Q =qo+ipo+i(q +ip))+j(gz +ip2) +k(gs +ip3) .

Generally a biquaternion can be grouped into two four-vec-
tors

Q = [(q0. ig) + (ipo, P)l =q+p.

Both terms ¢ and p shall be called semi-biquaternions. These
two semi-biquaternions do not have the same structure. The
first term is very suitable to cast translational physical four-
quantities whereas the second may represent a complemen-
tary rotational four-quantity, if existing.

For a more convenient readability a biquaternion can be
written as the sum of a ’left’ and ’right’ semi-biquaternion as

6.13) + ('pf] )
Iq p

Q=q+p=
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The different brackets shall indicate that the two semi-biqua-
ternions are not of identical structure. The multiplication of
two biquaternions

A=a+b= (.13)+(|l:0]
id b

X=x+y = xﬁ)+('”j’}
iX 7]

is

Ax=| ,  Gvo-boprd I-b-g ),
I(aox+xoa+b0y+y0b a y—bxx)
( i(aoyo+boxo—§'!7—5'_)) 1)

X
- e =2 = 2 7 -
aoy + xob —boX —yod —dX X+ b Xy

The biquaternion multiplication is not commutative but asso-
ciative. For the biquaternion scalar multiplication the Hamil-
ton units are not multiplied and thus

A-X Zaoxo—c_l)-f—(boyo—l_;'_lj) .

Thereof follows the magnitude of a biquaternion

Q=0 Q= ai-d-a-(v}-55).

A special case is given when the second of the two semi-
biquaternions is set to zero. With b = 0 and i = 0, the multi-
plication of two biquaternions reduces to

(@)

a0x0+é’-)? 0
AX =1. > |t = =3
i (apX + xod) —ad X X

The multiplication of a semi-biquaternion with an other one
results almost in another semi-biquaternion, except of an ad-
ditional cross product.
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2 Biquaternion Velocity

We have shown some time ago that such semi-biquaternions
can be applied well to electrodynamics [3]. In this paper we
focus on mechanics, and especially on special relativity. We
start with the position biquaternion representing an event in

space-time )
ct N 0
3 0
where the constant c is the speed of light. With
[ cdt N 0
| id¥ 0

and with the proper time interval dr

dIX| = V(P —dR-d¥ = cdiy|1 - =5 = cdr .

c

X = 3)

dX =

follows the biquaternion velocity

dX c 0
V=t =7 i3)+(0

1
y=——.
_2

)
2

“

with

Independent of the magnitude of 7, the magnitude of the bi-
quaternion velocity is always c¢. Thus the unity biquaternion
velocity is

1 0
or dX Vv
axicw o ©

The inverse of a unity biquaternion velocity is identical to
its biconjugate, which in turn is again a unity biquaternion

velocity
1

7

o)

c

=V @)

with

3 Biquaternion Lorentz Transformation

S shall be the inertial system where an observer is at rest.
Another inertial system S’ shall move with constant velocity
U against S. The distance between two events in four-space is
invariant for both systems

diX| =dlX'|.

Also the square of these length elements is an invariant and
therefore

dX -dX =dX -dX =d*X| = &P)X|.

With equation (6) follows

dX -dX

oy o 4 d

dX’ - dXx’'

This directly leads to the biquaternion coordinate transforma-
tion from S to S’

®)

X =xv )
as well as the backward transformation
X=xWw (10)
Explicitly the forward and backward transformations are
, et 0] [er-% 0
S 1 ey X 4 TS

ct' + £
C

0
Y i()?m'))*(—f'—xﬂ] - 12

c

X =

ct+0
ixX 0

Equation (11) and equation (12) reveal, that

Xx0=0 and X x7=0.

Above transformations are valid for the special case of colli-
near vectors X|¢ and ¥’|| only. The general case is found
by transforming this part of position vector X with a spatial
vector parallel to ¢ and add the remaining part of X with a
spatial vector orthogonal to 7. With

el

the general forward transformation is

X =X, + XV =X-X(1-V") (13)
or explicitly
I(x—(l—y)%g—yﬁ’t) 0
whereas the general backward transformation is
X=X +XV =X -X[(1-W), (14)

or explicitly

No new Lorentz transformation has been described above.
But it might be of some interest to see that the Lorentz trans-
formation can be described with a multiplication of the po-
sition biquaternion with the velocity biquaternion of relative
movement. The component of the position biquaternion par-
allel to the velocity biquaternion is

(x-v) v
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Its Lorentz transformation is
(X- VO)VOVO* = y(ct— u) .
c

The result has no spatial position vector at all and has a pure
timely character in all cases, i.e. independent of the direction
of the unprimed position biquaternion or of its spatial vector.
Thus, for every observer in S, the direction of the time vec-
tor (scalar part) in any moving system S’ coincides with the
direction V° of the relative four-velocity.

To find the addition law of two biquaternion velocities
we denote the relative biquaternion velocity between two sys-
tems S and S’ as V, and the velocity of a moving body mea-
sured in S’ shall be denoted as U’. The total biquaternion
velocity W measured in S is found by the backward transfor-
mation of U’ as

@ +0)

, c+ 17 0
WZUVO =yuyv[i +7u7v[ﬁ’><17]
=
with
1 1
Yy = ———— and vy, =

- -5

6] 2

Some calculation directly leads to the total velocity

c 0
I I

1

W=y,

with
Yw = -
-5
and the law of velocity addition known from Special Relativ-
ity
i+

i
1+ %3

-

Again, the magnitude of W is equal to the speed of light c.

4 Biquaternion Field Transformations

The biquaternion electromagnetic potential

1
_| 2 (0

N Et

is transformed exactly in the same way as the biquaternion

position vector. For completeness, the forward transforma-
tion is

(15)

¢ _ A 0
Cﬁ c + 5o R

i(4 - £0) (f‘i

which again is valid for Aw only. The general case is found

with

A =y

(16)

The electromagnetic fields follow from the differentiation of
the potential fields. With the definition of the biquaternion

differential operator
10
o)+ (°
\Y 0

follow the biquaternion electric and magnetic fields

e )l

(A% -9-4
o -[a)o(4559].

9

v
1.4

a7

(1!950
E =cVA = [ o

c

where E = —icB. With the Lorentz gauge

16(p > o
-V-A=0
2ot

the biquaternion electric and magnetic fields without a scalar
part are found

0 0
iﬁ) ' (3] ’ {19
0 0

B - i§)+(_4 | (19)

With the electric field biquaternion (18), the forward transfor-
mation is

=
ool

=0.

Thus only the field components orthogonal to the spatial ve-
locity vector are transformed, but not the collinear field com-

ponents. With
0 0
()

we find the general transformation for electromagnetic fields

v

E, =

E =E+E V" =EV" +E (1 - (21)

5 Biquaternion Total Time Derivative

With any biquaternion field
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that is a function of a biquaternion position
A=AX) =AX(ct, x1, X2, X3)) .

the total time differential is

A AKX GADX
oxX oX or T aX ox
With ; ;
_ = —_ = 6
oxX and 2%

follows after some calculation

a2 9
%: . E+v€-Va N ﬁOﬁA,
i |i(cV+Z02)) \-ioV
where the multiplication symbol o denotes that for the scalar

part the scalar product and for the vector part the cross prod-
uct must be applied. Explicitly this becomes

Interestingly this is completely equivalent to

dA 1
— =-VVA
dat vy

such that the relativistic total time derivative operator in bi-

quaternion form is
d

— =VV.
dr

(23)

6 Biquaternion Acceleration and Force

With ¢ = constant and with the relativistic spatial acceleration

dav
dt

the relativistic biquaternion acceleration a can be written di-
rectly as

o=@\, (o] _av _ s [0
“liad 0| dr iy (72M§+c_i) 0

Instead of using equation (24), the operator (23) can be ap-
plied to find for the relativistic biquaternion acceleration

N
a

(24)

a=— =VVV.
dr
We will not evaluate this equation for relativistic velocities
in this paper. With the non-relativistic velocity U, the non-
relativistic acceleration becomes

a:d—U—UVU with U =

(0
dt Cfv* 0

(25)

The biquaternion force to accelerate a mass with non-relativi-
stic velocities is then
P 0
F=ma=m| =|+| 21|, 26
[IF) ) (CQ] (26)

or explicitly

i+ (V x 7)
S AR 27
—CVXU—JX(C—& +Vc)
The non-relativistic spatial Force F becomes
S, L ov v dc
F=md== +7(V- v)—vx(Vxﬁ)+ch+—E (28)

With ¢ = constant and replacing the second term with a vector
identity follows

500 v\ L e
= E+V( )—vx(sz)) ,
which corresponds to the well known acceleration field in
fluid mechanics [4].

7 Gravitation Potential

In equation (28) we find two other terms that are of particular

interest:
S v dc

~cVe + prvl

With ¢ = constant, thus independent of space and time, both
terms would be zero. But there are already theories of time
varying speed of light (VSL theories), which have been intro-
duced to explain the horizon problem of cosmology and pro-
pose an alternative to cosmic inflation (see for example [5]
and citations therein). As a straight forward approach we as-
sume that c=c(¥). To still have a four-space (x¢, ¥) with four
independent dimensions, the time interval dx needs to be in-
dependent of spatial interval d¥ and vice-versa. With ¢ #
constant, the interval dxg shall be invariant to the local speed
of light. Thus we have

dxg = codt = cdt, ,

where ¢ is the constant speed of light in vacuum as com-
monly defined. The time interval in a region with ¢ # constant
changes according to

di, = ar . (29)
C

Thus the interval of time dimension xj is independent of c.
The velocity in a region with ¢ # constant is measured with
local time interval

_dx
T dt,

= —_—

c dx
Co dt
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This satisfies the principle of causality where local velocity
U cannot be higher than local speed of light ¢. The invariant
length element of four-space is now

f 2
0 o 5
dX,. = dt[ COE’) (0 =cdt\[1 - i cdr,  (30)

and the biquaternion velocity (4) changes to

dX. c 0
¢~ . ‘”‘[i%ﬁ)*(o S
with
1
Ye =

Also the biquaternion differential operator (17) changes to

d 12\ (o
o <[ 9)+ [0

where c is not a constant anymore. The total time derivative
operator (23) further changes to

d
dr.

In non-relativistic case, the acceleration a of a non-relativistic
velocity U can then be written as

du _dV,
=— =UVU ~V.V.V,
dt T dr,

In non-relativistic case this still corresponds to equation (27).
The inertia force to a mass m just becomes F, = —ma. Since
we are only interested in derivations of ¢, above equation can
be reduced to

V. =

) (32)

=V, V.. (33)

=a..

dc
8= ¢ (34
The inertia force F, acting to an accelerated mass m is then
vdc
F, = —-mg = —mcVe —m—-—
g mg = —mcVc mc e

Considering only the spatial variation, thus with ¢ constant in

time, above equation reduces further to
- C2

F, = -mcVc = —mV; =

—-mVe . (35)

The scalar ¢ can be interpreted as a gravity potential with
units [m?/s?] of any mass M as

o) = UL

In our model, the non-relat1v1stlc gravity potential energy V
of a mass m in any gravity field ¢ is then

(36)

1
V=m¢p = Emc2 s 37

what could be interpreted as the ’kinetic energy’ of a mass m
’moving’ with local speed of light ¢ along the time coordinate
axis xo.

8 Gravitation of two Body System

In a system with two point masses M>>m, where M is the
central mass, m the orbiting mass, and ¢ the gravity potential
of M, the speed of light shall be a function of M as well as of
the distance 7 measured from M to m, i.e.

¢ =cofiM,7).
The function f{M, P) shall fulfill these boundary conditions:
e 0<fiM,P)<1for0<r< oo, and
e fiM,?) =1 with r — oo, and

o the spatial variation of ¢ must be below the today’s pre-
cision of light speed measurements.

In plain spherical coordinates with radial symmetry, where M
is in the origin, the inertia force F; to mass m is

F, = —mcVe = ch f(M, )af(ﬁ;l ) ,

where r denotes the radius measured from M to m. Above
equation shall be equal to the Newton gravity force

Mm,
<

Fy = -G—;

Here the proper mass m, has been used, since - with conser-
vation of total energy-momentum - the mass is also subject to

fIM,7) as
E =ymc® ~mc* =mc) fA(M,r) =mecl.  (38)

Thus we have

of(M,r) Mm
mck f(M, r)——=— f i o AP .
By integration and using above boundary conditions the ex-
plicit solution becomes

_GM

fM,r) =e T,

and thereof the spatial varying speed of light around M to
(;M

oM rs

c(M,r) =cpe o o=e R (39)

where rg is the Schwarzschild radius. The same spatial vari-
ation of ¢ has been proposed by Puthoff [6]. Newton’s law of
gravity attraction between two bodies changes slightly to

Mm,

_GM
Fy=-G—<e “7 with 7 =7, —Fy.
r

For r>>rg the deviation of 1/r? is far beyond today’s measure-
ment capabilities, but below rg the gravity attraction for point
masses turns to zero instead to infinity.

Using 39 and the first terms of the corresponding Taylor
series, the total energy of a mass m becomes approximately

, GM
-m— +...,
r

, =GM 2 1
E =ymc* =ymciew xmch+ Smo
where the last term represents the traditional gravity potential

energy of m in gravity field of M.
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9 Planet Orbit with new Gravity Potential
The biquaternion momentum is

c 0
p. =mV, = m[ic—?ﬁ’) + (O

&

(40)

For a constant speed of light, the magnitude of any four-
dimensional speed is constantly ¢ and the four-dimensional
momentum of a body with mass m is always conserved. With
presence of gravitation, this momentum shall still be con-
served. This is achieved by equalizing the magnitudes of
four-dimensional velocity without and with gravity field. We
start with the squared magnitude of four-dimensional velocity

2

C
2 _.2[2_% 2
co—yc(c —sz].

For non-relativistic velocities and with (39) this can be writ-
ten as

GM
e .

iM
2 _ 23 2
mcy =mcye 0

— mu
Introducing plain polar coordinates (r: radius, ¢: rotation an-
gle) and replacing the exponential functions by the first terms
of its Taylor series, it follows

-1
2 2 r S) 2 2.2 ( r S)
mcy =mcy (1 ——|)—m(i“+r 1-—=] .
= (1-2)-m(+ )1 -
For radial symmetric and isotropic conditions this reduces

further to

where the angular momentum L = mr?¢ has been used. The

angular momentum is conserved for central force fields. Fi-
nally, by using the potential energy

E =mc* ~ mc(z)(l - r_s)

’

the equation of motion for m around M known from General
Relativity is found as

1 M I? [*M
—mi* - G2

E? mc%
—_— + —
2 r 2mr? mc(z)r3

- S0 @
2mc(2) 2 @1

The perihelion precession can now be calculated as done in
standard text books. Finally, by using the four-dimensional
length element (30) together with equation (39), whereas the
first terms of its Taylor series are used again, it follows

-1
2GM 2GM
dx* = dtzc(z)(l - )—dxz(l - ) :

2 2
cor cor

Using polar coordinates and again assuming radial symmetry
and isotropic conditions follows directly the Schwarzschild
metric
2 _ 422 26M
ax? = aicy(1 - 294 -

COV

-1
ar(1-22) " - 2dg? - P sin’ gdo . (42)
0

10 Gravitation Time Dilation and Redshift

Using equation (39) with (29), the time dilation in a gravity
field of M is found approximatively with Taylor series as

2GM

2
COI"

dty . (43)

2

-4
dt. = e 9 dtyg = |1
cor

GM
)y

The gravitational redshift is defined to

]9
Ac

Z
where the wavelength A is measured at a distant point of ob-
servation and A, closer to the mass M that causes the gravity
potential. The closer point usually is regarded as the emit-
ting point (of the sun or other celestial bodies) and the distant
point as the receiving point (on Earth). For simplicity we as-
sume, that emitter and receiver do maintain a constant radial
distance r. The photon energy does not change along its way
according to (38). Thus, the frequency at emitting point must
be identical to receiver point (i.e. there is no doppler effect).
With A=c/v we directly find

Co 1 1 = 1

_GM
C e (_%, 1- rs
-

-1.

(44)

This is the gravity redshift well known from General Relativ-
ity. But in our model the photon frequency and thus photon
energy (four-dimensional momentum) is conserved, where
the speed of light changes instead.

11 Generalized Biquaternion Inertia and Gravitation

A generalization of inertia and gravitation can be achieved
by consequently interpret the four-velocity V. as a "potential
field for inertia and gravity’.

With the derivation of four-velocity V.

(45)

1(96' >
=———-V-i
g0 c Ot
- 0l
—):_V _ 7
g cVe e
@=Vxi

the a biquaternion ’acceleration field’ can be identified to

g =—cVU = [Cg°)+( 0 ] . (46)

ig cid
The similarity between ¢ and the electric field E as well as
between ¢ and the magnetic induction B is obvious. The vec-
tor field g is an acceleration field. The vector field & might be
visualized as a spin (or rotation) field.
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With the biquaternion d’ Alembert operator

Ao =V =ViV LG 47)
I
equation (45) can be expanded further to

G G
V:VCVC = _ZP = _2ch s
C C

where G is the gravity constant, p is the mass density and P
is the biquaternion momentum density

with o =vyepo . (48)

_ _ c 0
Peov =l do) (o

With the ’kinetic Lorentz condition” go=0 follow four equa-
tions similar to Maxwell’s equations as

V-d=0,
ﬁ-g’sz,
0o =
—+Vxg=0,
ot g
R 10§ G
VX—)_____—}
@ c? ot Czpu

The further analysis of these equations is beyond the scope
of this paper. They might be interesting for fluid mechanics
as well as for cosmology, for example the analysis of large
cosmic structures. With

G
AV, = =pV.

e and ¢go =0

follow the inhomogeneous wave equations

10§ =, Gla 8 (oid)
Y V5= -2V (o) + ) |
2 ot g cz( (be) ot
106 =, Ga .
C—ZE—VLUZ zVX(pu) .

Thereof follow, in absence of mass densities, the homogenous
wave equations. The result is the prediction of free transverse
gravitation waves with propagation velocity c.

12 Electric Field of a Point Charge

Since c is not constant, also the permittivity & and permeabil-
ity yo of the vacuum must change together with ¢

) f()
Qff () = ——==—=.
€ Mo
Thus both vacuum properties ¢ and yy change inversely to
¢, whereas the vacuum impedance remains constant [6]. For
example, the electric potential of a single point charge is

= e
14 dreyr

where m is the particle’s rest mass. To find the electric field
of a point charge, the modified biquaternion electric potential

(49)

1
A= [;§)+(8] with ¢ = cof(®) .

is required. The electric field biquaternion follows directly as

Thereof follows the electric field of an electric potential ¢ as
E=-Vp+£¥c.
c
In particular, for a point charge, this becomes
Gm

— e -3
E 20

Qr

= 50

4reyr? ¢ (50
The electric field of a charged point particle has the same
characteristics as it’s gravity field.

13 Resume

Casting physical quantities with biquaternions is not essential
as such, but it allows a straight-forward, ’intuitive’ approach
to describe physical models with "natural numbers’ just using
the basic arithmetics of addition and multiplication together
with some calculus algebra.

The four-dimensional velocity plays a key role to under-
stand special relativity, field transformations, energy-momen-
tum conservation as well as gravitation.

In our proposed model, the speed of light is not a constant
but depends on masses (or localized energy densities). As
we have roughly shown, this model can offer an alternative
to understand the cause of gravity. The principle of equiva-
lence, that laid the foundation of General Relativity, has been
enhanced by a - let’s say - ’principle of identity’. Both, iner-
tia and gravitation have the same identical origin, namely the
total time derivative of the velocity four-vector.

Issued on January 01, 2011.
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